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VALUATIONS ON BANACH LATTICES
PEDRO TRADACETE AND IGNACIO VILLANUEVA
Abstract. We provide a general framework for the study of valuations
on Banach lattices. This complements and expands several recent works
about valuations on function spaces, including Lp(µ), Orlicz spaces and
spaces C(K) of continuous functions on a compact Hausdorff space. In
particular, we study decomposition properties, boundedness and integral
representation of continuous valuations.
1. Introduction
A valuation is a function V , defined on a given class of sets S, which
satisfies that for every A,B ∈ S
V (A ∪B) + V (A ∩B) = V (A) + V (B),
whenevery A∪B and A∩B also belong to S. Valuations are a generalization
of the notion of measure, and have become a relevant area of study in convex
geometry [1, 2, 5, 19, 20].
The natural identification between convex bodies and their support func-
tions, or between star bodies and their radial functions induces the notion
of valuation on a function space as a function V , defined on a given class of
functions F , satisfying that, for every f, g ∈ F
V (f ∨ g) + V (f ∧ g) = V (f) + V (g),
whenever f ∨ g and f ∧ g also belong to F .
Valuations on function spaces have become object of intense study in
recent years [7, 8, 21]. As in the case of valuations on classes of sets, also in
the case of valuations on function spaces, our interest mainly focuses in the
study of continuous valuations, where continuity is referred to some natural
topology in the corresponding class.
Many of the function valuations already studied correspond to classes F
closed under the operations ∨ and ∧ and with a norm that fits well with
these operations. Adding the natural linear structure of function spaces we
essentially run into the definition of Banach lattice. Natural examples of
Banach lattices of functions are Lp, C(K) and Orlicz spaces. Valuations on
these spaces have been the object of research in [14], [15], and more recently
in [26], [16], [27], [24].
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In this work, we provide a general framework for the study of valuations on
Banach lattices and we obtain several results which apply to a vast generality
of lattices. Our aim is to show that functional analytic methods, and in
particular, techniques from Banach lattice theory, can provide new insight
to problems arising in metric geometry. To achieve this we profit from two
main sources. On the one hand, the central role played by C(K) spaces
among Banach lattices, allows us to apply and generalize several results
from [24] in this broader context. On the other hand, in Functional Analysis,
valuations on lattices of functions had been already considered, in the study
of orthogonally additive applications [4, 12, 17, 22]. We recover and extend
some of the techniques and results from those papers, most notably a quite
general integral representation result [10, Theorem 3.2].
With the help of these previous work, we will prove new structural results
for valuations in Banach lattices and recover, with bigger generality and
simpler proofs, existing results from the recent literature.
In Section 3 we prove our first two estructural results on valuations on
Banach lattices. The first one, Proposition 3.2, shows that valuations on
Banach lattices are bounded on order bounded sets. The second one, Theo-
rem 3.5 shows that continuous valuations on Banach lattices decompose as
the difference of positive continuous valuations.
Both of the proofs are heavily based on the corresponding versions for
C(K) spaces and the local representation of Banach lattices as C(K) spaces.
The C(K) versions of the results were already known for case of K compact
and metrizable [24]. However, we need to extend them first to the case of a
general compact space K.
When restricting our attention to a still quite comprehensive class of
Banach lattices, containing in particular the Lp spaces (1 ≤ p < ∞) over
Rn or Sn−1, we can strengthen the first of these results:
Theorem 1.1. Let E be a Banach lattice of measurable functions over a
purely non-atomic σ-finite measure space (Ω,Σ, µ). If E satisfies a lower
q-estimate for some q <∞, then every valuation on E which is continuous
at 0 is bounded on norm bounded sets.
The proof of this result is given in Section 4, as well as the atomic coun-
terpart.
In Section 5 we show that for a very general class of Banach lattices,
valuations coincide with orthogonally additive applications. Probably, the
most significant exception are C(K) spaces, with K connected.
Using the coincidence of orthogonally additive applicatons with valua-
tions, in Section 6 we start presenting the main result given in [10, Theorem
3.2] with the current terminology. The decomposition of a valuation in pos-
itive and negative part proved in the previous sections allows us to extend
[10, Theorem 3.2] to Banach lattices supported on spaces of σ-finite measure.
The result is the following:
Theorem 1.2. Let X be an order continuous Banach lattice represented as
a function space over a σ-finite measure space (Ω,Σ, µ), and let V : X −→ R
be a continuous valuation. Then, there exists a strong Carathe´odory function
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K : R× Ω −→ R such that, for every f ∈ X,
V (f) =
∫
Ω
K(f(t), t)dµ(t).
Conversely, if K : R × Ω −→ R is a strong Carathe´odory function such
that, for every f ∈ X,
∫
ΩK(f(t), t)dµ(t) <∞, then the function V : X −→
R defined by
V (f) =
∫
Ω
K(f(t), t)dµ(t)
is a continuous valuation.
See Section 6 for the explanation of the terminology appearing in this
result.
Note that this provides a fairly general integral representation theorem,
in the line of the main result of [24, 25]. It should be noted though that the
results of [24, 25] apply only to C(K) spaces, which are not order continuous,
and are therefore independent from Theorem 6.1. Moreover, the techniques
in the proofs are also quite different.
In the rest of Section 6 we extract several consequences of Theorem 6.1.
First, we show an L1 factorization result for valuations (Theorem 6.2). Sec-
ond, we consider the case of valuations with enough invariance. In that
context, Theorem 6.1 admits a much simpler form, Corollary 6.5. This last
result includes as particular cases the main results of [26] and [16].
2. Preliminaries and notation
Recall a Banach lattice E is a real Banach space endowed with a partial
order such that
(1) x+ z ≤ y + z whenever x, y, z ∈ E satisfy x ≤ y,
(2) λx ≥ 0 whenever x ≥ 0 and λ ∈ R+,
(3) for every x, y ∈ E there exist a least upper bound x∨y and a greatest
lower bound x ∧ y in E,
(4) ‖x‖ ≤ ‖y‖ whenever |x| ≤ |y| (where for x ∈ E, we define |x| =
x ∨ (−x)).
The theory of Banach lattices provides an abstract context which allows
us to deal, in a unified way, with many of the function spaces that arise
in real analysis. In particular, Lp(µ) spaces, spaces C(K) of continuous
functions on a compact Hausdorff space, or any space with an unconditional
basis admit a natural Banach lattice structure.
For general background on Banach lattices and any unexplained termi-
nology we refer to the monographs [18], [23]. For the convenience of the
reader, let us recall that a Banach lattice E is order continuous if for every
downward directed set (xα)α∈A with
∧
α∈A xα = 0, limα ‖xα‖ = 0.
Given a Banach lattice E and f ∈ E+, the interval [−f, f ] is defined as
[−f, f ] := {g ∈ E such that |g| ≤ f}.
Also, given two Banach lattices E,F , we say that the mapping j : E −→ F
is a lattice homomorphism if it is linear and, for every f, g ∈ E, j(f ∨ g) =
j(f) ∨ j(g) and j(f ∧ g) = j(f) ∧ j(g). With this notation, we state next
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the following well known result which provides a representation of intervals
in Banach lattices as unit balls of C(K) spaces.
Lemma 2.1. Let E be a Banach lattice and f ∈ E+. There exist a compact
Hausdorff space K and an injective lattice homomorphism j : C(K) → E
which maps the unit ball in C(K) onto the interval [−f, f ] in E.
Proof. It follows, for instance, from [3, Theorems 4.21 and 4.29]. 
We finish this section with the definition of valuation that will be used
along the paper. More specific definitions are included when needed. We
add condition (3) for simplicity in the explanations. It is obvious how to
adapt the reasonings if we remove that condition.
Given a Banach lattice E, a mapping V : E → R is a continuous valuation
if and only if for fn, f, g ∈ E it satisfies
(1) V (f) + V (g) = V (f ∨ g) + V (f ∧ g).
(2) |V (fn)− V (f)| → 0 whenever ‖fn − f‖E → 0,
(3) V (0) = 0
Note that every linear functional x∗ ∈ E∗ clearly defines a valuation on
E. Moreover, if V : E → R is a valuation and T : F → E is a lattice or
anti-lattice mapping then V ◦ T is a valuation on F . Recall that a lattice
(respectively, anti-lattice) mapping satisfies T (f ∨ g) = Tf ∨ Tg and T (f ∧
g) = Tf ∧ Tg (resp., T (f ∨ g) = Tf ∧ Tg and T (f ∧ g) = Tf ∨ Tg).
Remark 2.2. Often valuations are only defined on the cone of positive func-
tions E+. In general, we can always extend every mapping V : E+ → X
satisfying (1)-(3) to a valuation Vˆ : E → X, for instance setting Vˆ (f) =
V (f+) − V (f−), where f+ = f ∨ 0 and f− = (−f) ∨ 0, or setting Vˆ (f) =
V (f ∨ 0).
Conversely, valuations defined on the cone of positive (or negative) func-
tions suffice to understand valuations in general, through the following sim-
ple reasoning: Given V : E −→ R, define V1(f) = V (f ∨ 0) and V2(f) =
V (f ∧ 0). Then, it is easily seen that V1, V2 are valuations and V = V1+V2.
Note that linear combination of valuations on E is again a valuation on
E. Thus, valuations are naturally endowed with a linear structure.
3. Order-boundedness and decomposition of valuations
In this section we prove our first two general structural results on valua-
tions on Banach lattices. Namely, we prove that every continuous valuations
on a Banach lattice E can be decomposed as the difference of positive con-
tinuous valuations. And we also prove that every such valuation is bounded
on orded bounded sets of E. Theorem 3.5 will be very useful in the next
sections.
Both results use the standard local representation of Banach lattices as
continuous functions of some compact Hausdorff space. Before we state this,
we introduce some notation.
We say that a valuation V : E −→ R is bounded on norm-bounded sets
if for every λ > 0 there exists a real number C > 0 such that
sup
‖f‖E≤λ
|V (f)| ≤ C.
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Similarly, V : E −→ R is bounded on order-bounded sets if for every g ∈ E+
there exists C > 0 such that
sup
|f |≤g
|V (f)| ≤ C.
Clearly, if V : E −→ R is bounded on norm-bounded sets, then it is
bounded on order-bounded sets. It is clear that when E is a space of the
form C(K) both notions coincide, and we actually have:
Lemma 3.1. Let K be a compact Hausdorff space. Every continuous valu-
ation V : C(K) −→ R is bounded on bounded sets.
Proof. The proof proceeds exactly as in [24, Lemma 3.1]. 
Lemmas 2.1 and 3.1 immediately imply our first simple boundedness re-
sult.
Proposition 3.2. Every continuous valuation on a Banach lattice is bounded
on order bounded sets.
For the next result we need to extend [24, Lemma 3.3] to the case of a
non-metrizable compact space K. In [24], this result is given for valuations
on C(Sn−1). The proof extends to valuations on C(K), with K compact
metrizable. However, this is not enough for our purposes, since the compact
K appearing in Lemma 2.1 need not be metrizable in general.
In order to overcome this, we follow a similar approach to that of [13]
involving a standard use of uniformities, as can be found in [11, Chapter 8]:
Let ∆ denote the diagonal in K × K. Let U be the uniformity consisting
of the open symmetric neighborhoods of ∆ in K ×K. This family of sets
satisfies the following key properties:
(1) If ω1, ω2 ∈ U , then ω1 ∩ ω2 ∈ U .
(2) For every ω ∈ U there is ω′ ∈ U such that 2ω′ ⊂ ω (where 2ω′ =
{(s, t) ∈ K ×K : (s, r), (r, t) ∈ ω′ for some r ∈ K}).
(3) ∆ =
⋂
ω∈U ω.
In particular, every f ∈ C(K) is uniformly continuous with respect to U ,
that is for every ǫ > 0 there is ω ∈ U such that |f(s)− f(t)| < ǫ whenever
(s, t) ∈ ω.
Given A ⊂ K, and ω ∈ U , let
Aω = {k ∈ K : (a, k) ∈ ω for some a ∈ A}.
The ω-rim around A is the set
R(A,ω) = Ac ∩Aω.
Note that, for every closed set A ⊂ K and ω ∈ U , R(A,ω) is an open set.
Our next result generalizes [24, Lemma 3.3] to general compact spaces K.
Before, let us recall the following notation: given f ∈ C(K) and A ⊂ K we
will denote f ≺ A whenever
supp(f) = {t ∈ K : f(t) 6= 0} ⊂ A.
Lemma 3.3. Let V : C(K) → R be a valuation. Let A ⊂ K be closed and
λ ∈ R+.
lim
ω→∆
sup{|V (f)| : f ≺ R(A,ω), ‖f‖∞ ≤ λ} = 0.
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Proof. We reason by contradiction. Suppose the result is not true. Then
there exist a closed set A ⊂ K, λ ∈ R+, ǫ > 0, a decreasing family (ωj)j∈J ⊂
U with
⋂
j ωj = ∆ and a family (fj)j∈J ⊂ C(K) such that for every j ∈ J :
• fj ≺ R(A,ωj),
• ‖fj‖∞ ≤ λ,
• |V (fj)| ≥ ǫ.
Therefore, there exists an infinite subset I ⊂ J such that either V (fi) > ǫ
for every i ∈ I or V (fi) < −ǫ for every i ∈ I. We assume without loss of
generality that V (fi) > ǫ for every i ∈ I. The case V (fi) < −ǫ is totally
analogous.
Consider f1. Using the continuity of V at f1, we get the existence of δ > 0
such that for every g ∈ C(K) with ‖f1 − g‖∞ < δ,
|V (f1)− V (g)| ≤
ǫ
2
.
Since f1 is uniformly continuous and f1(t) = 0 for every t ∈ A, there
exists ω′1 such that, for every t ∈ Aω′1 , |f1(t)| < δ. Let ω
′′
1 ∈ U such that
2ω
′′
1 ⊂ ω
′
1, and consider the closed sets
C1 = Aω′′1
and
C2 = f
−1
1 ([−λ, λ]\(−δ, δ)) .
Note C1 ∩ C2 = ∅. Indeed, if t ∈ C1, then there is t1 ∈ Aω′′1
such that
(t, t1) ∈ ω
′′
1 (cf. [11, Corollary 8.1.4]). Since 2ω
′′
1 ⊂ ω
′
1, it follows that
t ∈ Aω′1 , so |f(t)| < δ, and in particular t /∈ C2, as claimed.
By Urysohn’s Lemma, we can consider a continuous function ψ1 with
ψ1|C1 = 0, ψ1|C2 = 1 and 0 ≤ ψ1(t) ≤ 1 for every t ∈ K. We consider
now the function ψ1f1 ∈ C(K). On the one hand, ‖f1 − ψ1f1‖∞ ≤ δ and,
therefore,
|V (ψ1f1)| ≥ ||V (f1)| − |V (f1)− V (ψ1f1)|| > ǫ−
ǫ
2
=
ǫ
2
.
On the other hand, ψ1f1 ≺ R(A,ω1)\Aω′′1
. Now, we can choose ωj2 ∈ U
such that ωj2 ⊂ ω
′′
1 and we can reason similarly as above with the function
fj2 .
Inductively, we construct a sequence of functions (ψkfjk)k∈N ⊂ C(K) with
disjoint supports such that V (ψkfjk) >
ǫ
2 . Noting that
V
(∨
k
ψkfjk
)
=
∑
k
V (ψkfjk),
and that ∥∥∥∥∨
k
ψkfjk
∥∥∥∥
∞
≤ λ,
we get a contradiction with the fact that V is bounded on bounded sets by
Lemma 3.1. 
For the benefit of the reader, we recall here a result we need next.
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Lemma 3.4. [27, Lemmas 3.3 and 3.4] Let K be a compact Hausdorff space.
Let {Gi : i ∈ I} be a family of open subsets of K. Let G = ∪i∈IGi. Then, for
every i ∈ I there exists a function ϕi : G −→ [0, 1] continuous in G satisfying
ϕi ≺ Gi and such that
∨
i∈I ϕi = 1 in G. Moreover, let f ∈ C(K)
+ satisfy
f ≺ G. Then, for every i ∈ I, the function fi = ϕif belongs to C(K)
+.
Also, fi ≺ Gi and
∨
i∈I fi = f . In particular, for every i ∈ I, 0 ≤ fi ≤ f .
Finally we can prove our decomposition result. It reduces the study of
valuations to the positive case.
Theorem 3.5. Let V : E+ −→ R be a continuous valuation. Then, there
exist two continuous valuations V +, V − : E+ −→ R+ such that
V = V + − V −.
Proof. Let V : E+ −→ R be as in the hypothesis. For every f ∈ E+, we
define
V +(f) = sup{V (g) : 0 ≤ g ≤ f}.
Assume for the moment that V + is a continuous valuation. In that case,
the result follows easily:
First we note that it follows from V (0) = 0 that V +(0) = 0 and that, for
every f ∈ E+, one has V
+(f) ≥ 0. We define next V − = V + − V . Clearly,
V − is also a continuous valuation and V −(0) = 0. By the definition of V +,
it follows that, for every f ∈ E+, one has V (f) ≤ V
+(f). Thus, V −(f) ≥ 0.
And clearly we have
V = V + − V −.
Therefore, we will finish if we show that V + is a continuous valuation.
First, we see that it is a valuation. Let f1, f2 ∈ E+. We have to check
that
(1) V +(f1 ∨ f2) + V
+(f1 ∧ f2) = V
+(f1) + V
+(f2).
Fix ǫ > 0. We choose 0 ≤ g1 ≤ f1 such that V
+(f1) ≤ V (g1) + ǫ, and
0 ≤ g2 ≤ f2 such that V
+(f2) ≤ V (g2) + ǫ.
Then,
V +(f1) + V
+(f2) ≤ V (g1) + V (g2) + 2ǫ = V (g1 ∨ g2) + V (g1 ∧ g2) + 2ǫ
≤ V +(f1 ∨ f2) + V
+(f1 ∧ f2) + 2ǫ,
where the last inequality follows from the fact that 0 ≤ g1 ∨ g2 ≤ f1 ∨ f2
and 0 ≤ g1 ∧ g2 ≤ f1 ∧ f2. Since ǫ > 0 was arbitrary, this proves one of the
inequalities in (1).
For the other one, fix again ǫ > 0. We choose 0 ≤ g ≤ f1 ∨ f2 such that
V +(f1∨f2) ≤ V (g)+ǫ, and 0 ≤ h ≤ f1∧f2 such that V
+(f1∧f2) ≤ V (h)+ǫ.
Let us consider the compact Hausdorff space K and the injective lattice
homomorphism j : C(K)→ E which maps the unit ball onto [−f1∨ f2, f1 ∨
f2] given by Lemma 2.1. Note V˜ = V ◦ j defines a continuous valuation on
C(K), and clearly (˜V +) = (V˜ )+. For f ∈ E with |f | ≤ f1∨f2, let us denote
f˜ ∈ C(K) the unique function with j(f˜) = f . In particular, we have that
j(f1 ∨ f2) = 1K .
Consider the sets
A = {t ∈ K : f˜1(t) ≥ f˜2(t)}
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and
B = {t ∈ K : f˜1(t) < f˜2(t)}.
According to Lemma 3.3, there exists ω1 ∈ U such that, for every f ≺
R(A,ω1) with ‖f‖∞ ≤ λ we have |V˜ (f)| ≤ ǫ.
Since V˜ is continuous at g˜, there exists δ > 0 such that, |V˜ (g˜)− V˜ (g′)| < ǫ
for every g′ such that ‖g˜ − g′‖∞ < δ. We define g
′ = (g˜ − δ2) ∨ 0. Then, for
every t ∈ A, it follows that
g′(t) = max
{
g˜(t)−
δ
2
, 0
}
≤ g˜(t) ≤ (f˜1 ∨ f˜2)(t) = f˜1(t).
Now, we can apply the uniform continuity of g˜ and f˜1 to find ω2 ∈ U such
that ω2 ⊂ ω1 and for every t, s ∈ K, if (s, t) ∈ ω2, then |f˜1(t)− f˜1(s)| < δ/4
and |g˜(t) − g˜(s)| < δ/4. In particular, this implies that for every t ∈ Aω2 ,
g′(t) ≤ f˜1(t). On the other hand, it is clear that g
′(t) ≤ f˜2(t) for t ∈ B.
Note that K = Aω2 ∪B and Aω2 ∩B = R(A,ω2).
We consider the functions ϕ1 ≺ Aω2 , ϕ2 ≺ B associated to the decom-
position K = Aω2 ∪ B by Lemma 3.4. Then ϕ1 ∨ ϕ2 = 1K . Let us define
g′1 = ϕ1g
′, g′2 = ϕ2g
′, h1 = ϕ1h˜, h2 = ϕ2h˜ as in Lemma 3.4.
A simple verification yields
• g′ = g′1 ∨ g
′
2, h˜ = h1 ∨ h2,
• g′1 ∧ g
′
2 ≺ R(A,ω2), h1 ∧ h2 ≺ R(A,ω2),
• g′1 ∧ h2 ≺ R(A,ω2), h1 ∧ g
′
2 ≺ R(A,ω2),
• 0 ≤ g′1 ∨ h2 ≤ f˜1,
• 0 ≤ g′2 ∨ h1 ≤ f˜2.
Therefore, we get
V˜ +(f1 ∨ f2) + V˜
+(f1 ∧ f2) ≤ V˜ (g˜) + V˜ (h˜) + 2ǫ ≤ V˜ (g
′) + V˜ (h˜) + 3ǫ
= V˜ (g′1) + V˜ (g
′
2)− V˜ (g
′
1 ∧ g
′
2) + V˜ (h1) + V˜ (h2)− V˜ (h1 ∧ h2) + 3ǫ
≤ V˜ (g′1) + V˜ (h2) + V˜ (g
′
2) + V˜ (h1) + 5ǫ
= V˜ (g′1 ∨ h2) + V˜ (g
′
1 ∧ h2) + V˜ (g
′
2 ∨ h1) + V˜ (g
′
2 ∧ h1) + 5ǫ
≤ V˜ (g′1 ∨ h2) + V˜ (g
′
2 ∨ h1) + 7ǫ ≤ V˜
+(f˜1) + V˜
+(f˜2) + 7ǫ.
Again, since ǫ > 0 was arbitrary and V˜ +(f˜) = V +(f), this finishes the proof
of (1).
Let us see now that V + is continuous. Let us consider f0 ∈ E+ and take
ǫ > 0. There exists g0 ∈ [0, f0] such that V
+(f0) ≤ V (g0) + ǫ.
Since V is continuous at f0 and g0, there exists δ > 0 such that for every
f, g ∈ E+ with ‖f0−f‖E < δ and ‖g0−g‖E < δ, we have |V (f0)−V (f)| < ǫ
and |V (g0)− V (g)| < ǫ.
Let now f ∈ E+ be such that ‖f0−f‖E < δ. Pick g ∈ E
+ with 0 ≤ g ≤ f
such that V +(f) ≤ V (g) + ǫ.
Note that ‖g0 ∧ f − g0‖E < δ and ‖g ∨ f0 − f0‖E < δ. Then, we have
V +(f) ≥ V (g0 ∧ f) ≥ V (g0)− ǫ ≥ V
+(f0)− 2ǫ,
and
V +(f) ≤ V (g) + ǫ = V (g ∧ f0) + V (g ∨ f0)− V (f0) + ǫ
≤ V (g ∧ f0) + |V (g ∨ f0)− V (f0)|+ ǫ ≤ V
+(f0) + 2ǫ.
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Hence,
|V +(f0)− V
+(f)| < 2ǫ
and V + is continuous as claimed. 
4. Boundedness on norm-bounded sets
In Section 3 we proved that continuous valuations on Banach lattices are
bounded on order bounded sets. Often, one would need a stronger state-
ment, namely that such valuations are bounded on norm-bounded sets. We
will see with an example that this result is, in general not true. Nevertheless,
we will show that the result is true for a large class of Banach lattices.
Recall that a Banach lattice is said to satisfy a lower q-estimate for some
q < ∞ if there exists M > 0 such that for every choice of pairwise disjoint
elements (xi)
n
i=1 in E we have( n∑
i=1
‖xi‖
q
) 1
q
≤M
∥∥∥ n∑
i=1
xi
∥∥∥.
For example, the space Lp(µ) satisfies a lower q-estimate for every q ≥ p.
In general, the constant M above can be taken to be 1, up to an equivalent
renorming. Also, recall that every Banach lattice with finite cotype satisfies
a lower q-estimate for some q < ∞, and that these spaces are always order
continuous. We refer to [18, 1.f] for a detailed discussion of Banach lattices
with this property.
Theorem 4.1. Let E be a Banach lattice of measurable functions over a
purely non-atomic σ-finite measure space (Ω,Σ, µ). If E satisfies a lower
q-estimate for some q <∞, then every valuation on E which is continuous
at 0 is bounded on norm bounded sets.
Before the proof, we need to recall some terminology and an auxiliary
lemma. Given a measure space (Ω,Σ, µ), we will consider the Fre´chet-
Nikodym metric space X(Ω,Σ,µ) associated to it: this consists of classes of
sets in Σ (where two sets are identified if they defer by a set of µ-measure
zero), equipped with the metric d(A,B) = µ(A∆B). This can be identi-
fied with the subset of L1(µ) consisting of all characteristic functions χA for
A ∈ Σ, with the metric induced by the restriction of the L1-norm (cf. [6,
1.12(iii)]).
The following auxiliary result is probably known to measure theorists,
but we have not found a reference for it.
Lemma 4.2. Let (Ω,Σ, µ) be a finite measure space without atoms. Then
the Fre´chet-Nikodym metric space X(Ω,Σ,µ) is connected.
Proof. For simplicity, we will assume L1(Ω,Σ, µ) is separable. Suppose that
X(Ω,Σ,µ) is not connected, and let U ,V be nonempty clopen sets such that
U ∪ V = X(Ω,Σ,µ) and U ∩ V = ∅. Without loss of generality, we can assume
Ω ∈ U .
We claim that there is a maximal element B ∈ V in the sense that B ⊂ C
with µ(C\B) > 0 implies C /∈ V. In order to see this, we will make use
of Zorn’s Lemma. Let (Ai)i∈I be a chain in V. Since (χAi)i∈I ⊂ L1(µ) are
order bounded by χΩ ∈ L1(µ), and L1(µ) is Dedekind complete, it follows
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that there is A ∈ Σ such that supi∈I χAi = χA in L1(µ). We can thus extract
a subsequence (ik)k∈N ⊂ I such that χAik ≤ χAik+1 and χA = supk∈N χAik ,
so by the monotone convergence theorem it follows that
µ(A∆Aik) = ‖χA − χAik‖1 −→k→∞
0.
Since (Aik)k∈N ⊂ V and V is closed, it follows that A ∈ V as claimed.
Therefore, Zorn’s Lemma guarantees the existence of a maximal element
B ∈ V.
Note that µ(B) < µ(Ω). Otherwise, B ∈ U ∩ V which is impossible.
Moreover, since V is open, there is δ > 0 such that if C ∈ Σ satisfies
µ(B∆C) < δ, then C ∈ V. Now, since µ has no atoms, we can find C ⊂ Ω\B
such that µ(C) < δ. It follows that
µ(B∆(B ∪ C)) = µ(C) < δ,
so B ∪ C ∈ V. This is a contradiction with the maximality of B, so the
Lemma is proved. 
Proof of Theorem 4.1. Without loss of generality, taking an equivalent norm,
we can assume that ∥∥∥ m∑
i=1
fi
∥∥∥q ≥ m∑
i=1
‖fi‖
q,
whenever (fi)
m
i=1 ⊂ E are pairwise disjoint.
Since V : E → R is continuous at 0, there is δ > 0 such that |V (f)| ≤ 1
whenever ‖f‖ ≤ δ.
We claim that for every f ∈ E, it holds that
|V (f)| ≤
(‖f‖
δ
)q
+ 2.
Indeed, let f ∈ E. If ‖f‖ ≤ δ, then the claim holds trivially, so assume
this is not the case. By the order continuity of E, there is A0 ⊂ Ω such that
µ(Ω\A0) <∞ and ‖fχA0‖ ≤ δ. Since E satisfies a lower q-estimate we have
that
‖fχΩ\A0‖
q ≤ ‖f‖q − δq.
Let us consider the following function defined on the Fre´chet-Nikodym space:
Φf : X(Ω\A0,Σ,µ) −→ R+
A 7−→ ‖fχA‖
Note that, as E is order continuous, in particular Φf is continuous with re-
spect to the metric d(A,B) = µ(A∆B). Moreover, by Lemma 4.2,X(Ω\A0,Σ,µ)
is connected, so the set Φf (X(Ω\A0,Σ,µ)) is connected in R+.
Now, if ‖fχΩ\A0‖ ≤ δ the claim holds trivially. Suppose now that
‖fχΩ\A0‖ > δ. Since Φf (∅) = 0 and Φf (Ω\A0) = ‖fχΩ\A0‖ > δ, by con-
nectedness of Φf (X(Ω,Σ,µ)), there exist A1 ⊂ Ω\A0, such that
‖fχA1‖ = δ.
Using the lower q-estimate, it follows that
‖fχΩ\(A0∪A1)‖
q ≤ ‖f‖q − 2δq .
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Repeating the process with fχΩ\A1 , inductively we obtain a finite family of
pairwise disjoint sets A0, A1, . . . An such that
‖fχAi‖ = δ
for i = 0, . . . , n and ‖fχΩ\
⋃n
i=0Ai
‖q ≤ ‖f‖q − (n + 1)δq , until ‖f‖q − (n +
1)δq ≤ δq. In other words, if we take n = [‖f‖
q
δq
], then
V (f) =
n∑
i=0
V (fχAi) + V (fχΩ\
⋃n
i=0Ai
) ≤ n+ 2 ≤
(‖f‖
δ
)q
+ 2,
as claimed. 
As we mentioned, Theorem 4.1 applies to spaces Lp(µ) for 1 ≤ p < ∞.
More generally, it is well-known that the Orlicz space LM(0, 1) satisfies a
lower q-estimate for some q < ∞ whenever the function M satisfies the
∆2-conditioin at ∞: lim sup
t→∞
M(2t)
M(t) <∞ (cf. [18]).
On the other hand a continuous valuation on an atomic space need not
be bounded on norm bounded sets.
Proposition 4.3. Consider V : c+0 → R
+ which for x = (xn)n∈N ∈ c
+
0 is
given by
V (x) =
∑
n∈N
nxnn.
V is a continuous valuation and V (en) = n for each n ∈ N, where (en) is
the unit vector basis of c0.
Proof. Recall that for every ε ∈ (0, 1) we have∑
n∈N
nεn = 1 +
(2− ε)ε
(1− ε)2
.
In particular, given x = (xn)n∈N ∈ c
+
0 , take N ∈ N such that for n ≥ N ,
0 ≤ xn <
1
2 . Thus,∑
n∈N
nxnn =
∑
n<N
nxnn +
∑
n≥N
nxnn ≤
∑
n<N
nxnn +
∑
n≥N
n
1
2n
<∞,
so V is well defined. Moreover, given x = (xn)n∈N, y = (yn)n∈N ∈ c
+
0 we
have
V (x ∨ y) + V (x ∧ y) =
∑
n∈N
nmax{xn, yn}
n +
∑
n∈N
nmin{xn, yn}
n
=
∑
n∈N
nxnn +
∑
n∈N
nynn = V (x) + V (y).
For continuity, let x = (xn)n∈N ∈ c
+
0 and ε ∈ (0, 1). Take N ∈ N such that
0 ≤ xn ≤ ε/2 for n > N . Using the continuity of the real function a 7→ a
n,
we can take δ ∈ (0, ε/2) such that for each n ≤ N if a, b ∈ [0, ‖x‖ + 1] and
|a− b| < δ then |an − bn| ≤ nε2n . Hence, if y ∈ c
+
0 is such that ‖x− y‖∞ < δ,
then
|V (x)−V (y)| =
∑
n∈N
n|xnn−y
n
n| ≤
∑
n≤N
ε
2n
+
∑
n>N
nxnn+
∑
n>N
nynn ≤ ε+2
(2 − ε)ε
(1 − ε)2
.
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
This can be easily extended to sequence spaces like ℓp, Orlicz spaces ℓϕ,
and actually, to any atomic Banach lattice, in the following sense:
Proposition 4.4. Let E be an atomic Banach lattice with the order given
by an unconditional basis. There exist continuous valuations on E which
are not bounded on norm-bounded sets.
Proof. Let (un) ⊂ E be the unconditional (normalized) basis giving the
order in E. Let us define V : E → R+ by
V
(∑
n
anun
)
=
∑
n
n|an|
n.
By the unconditionality of (un), there is C > 0 such that ‖
∑
n anun‖ ≥
C supn |an| for every scalars (an). Thus, by Proposition 4.3, V defines a
continuous valuation on E. Since ‖un‖ = 1 and V (un) = n, in particular V
is not bounded on norm-bounded sets. 
5. Valuations vs. orthogonally additive functionals
A continuous mapping Φ : E → R is orthogonally additive if Φ(x+ y) =
Φ(x) +Φ(y) whenever |x| ∧ |y| = 0. Clearly, every valuation is orthogonally
additive.
Since orthogonal additivity is much easier to check that the condition of
being a valuation, it would be very convenient to know when both notions
can coincide. On the one hand, we will see that, in general, orthogonally
additive mappings need not be valuations (Proposition 5.2). On the other
hand, we see next that orthogonally additive mappings coincide with valua-
tions for σ-Dedekind complete Banach lattices: Recall that E is σ-Dedekind
complete when every order bounded sequence (xn) ⊂ E has a supremum.
The class of σ-Dedekind complete Banach lattices includes, among others,
order continuous Banach lattices, dual Banach lattices, the space B(K) of
bounded Borel functions on a compact Hausdorff space K, and spaces C(K)
of continuous functions on a basically disconnected compact Hausdorff space
K (cf. [18]).
If E is σ-Dedekind complete, to each x ∈ E+ we can associate a (band)
projection Px given by
Px(y) =
∞∨
n=1
(y ∧ nx),
for y ∈ E+, and by Px(y) = Px(y+)−Px(y−) for arbitrary y ∈ E. Note that
for x, y ∈ E+ it follows that
(2) x ∧ (y − Px(y)) = 0.
Proposition 5.1. Let E be a σ-Dedekind complete Banach lattice. Every
orthogonally additive functional Φ : E → R is a valuation.
Proof. Given f, g ∈ E, let us consider the band projections given by
P1 = P(f−g)+ , P2 = I − P1.
Note that we have the following identities:
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(i) P1(f ∨ g) = P1(f),
(ii) P2(f ∨ g) = P2(g),
(iii) P1(f ∧ g) = P1(g),
(iv) P2(f ∧ g) = P2(f).
Indeed, let us check (i)
P1(f ∨ g) − P1(f) = P1(0 ∨ (g − f)) = P1((f − g)−) = 0.
The other identities are similar.
Since the ranges of P1 and P2 are mutually disjoint, and Φ is orthogonally
additive, we get
Φ(f ∨ g) = Φ(P1(f ∨ g)) + Φ(P2(f ∨ g)) = Φ(P1f) + Φ(P2g).
Similarly, we have
Φ(f ∧ g) = Φ(P1(f ∧ g)) + Φ(P2(f ∧ g)) = Φ(P1g) + Φ(P2f).
Thus, we have
Φ(f ∨ g) + Φ(f ∧ g) = Φ(P1f) + Φ(P2g) + Φ(P1g) + Φ(P2f) = Φ(f) + Φ(g).

Note that no continuity assumption is necessary in the previous propo-
sition. In particular, a standard density argument allows us to construct
examples of non σ-Dedekind complete lattices for which every orthogonally
additive continuous mapping is a valuation.
However, in general not every orthogonally additive functional is a valu-
ation, as the following shows:
Proposition 5.2. The mapping φ : C(K)→ R given by
φ(f) = min{|f(t)| : t ∈ K}
is continuous and satisfies φ(0) = 0. Moreover,
(1) φ is orthogonally additive if K is connected (and only in this case).
(2) φ is not a valuation.
Proof. It is clear that φ is continuous and φ(0) = 0. First, let us see that
φ is not a valuation. Indeed, consider a partition of K into two sets A,B
with A∩B = ∅ and functions fA, gB ∈ C(K)+ such that fA(t) = 1 for every
t ∈ A, gB(t) = 1 for every t ∈ B and for some tA ∈ A and tB ∈ B we have
fA(tB) = 0 = gB(tA). It follows that
φ(fA) = φ(gB) = φ(fA ∧ gB) = 0,
while φ(fA ∨ gB) = 1. Therefore, φ cannot be a valuation.
Suppose that K is connected, let f, g ∈ C(K) such that f ⊥ g and set
A = {t ∈ K : f(t) 6= 0}, B = {t ∈ K : g(t) 6= 0}.
Clearly, A ∩B = ∅.
Suppose first that φ(f ∨ g) 6= 0, then A ∪B = K. Since K is connected,
in this case it follows that either A = ∅ or B = ∅. If A = ∅, then f(t) = 0
for every t ∈ K, which yields
φ(f + g) = φ(g) = φ(f) + φ(g).
Similarly, if B = ∅, then we have φ(f + g) = φ(f) = φ(f) + φ(g).
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Finally, suppose now that φ(f ∨ g) = 0. In this case, it follows that
φ(f) = φ(g) = 0, so we also have φ(f + g) = φ(f) + φ(g).
Suppose now that K is not connected. Let A,B ⊂ K be pairwise disjoint
non-empty clopen sets such that A ∪B = K. We have that
φ(χA + χB) = φ(χK) = 1,
while φ(χA) = φ(χB) = 0, and since χA ⊥ χB , it follows that φ is not
orthogonally additive. 
6. Integral representation of valuations
The coincidence just proved of orthogonally additive mappings and val-
uations on a large class of Banach lattices allows us to profit from several
results and techniques developed in the 1960’s for the study of orthogonally
additive mappings. After a series of works, in [9, 10] the authors prove
an integral representation theorem valid for orthogonally additive mappings
defined on a quite comprehensive class of function spaces over a measure
space.
This section starts with an upgraded version of that result, Theorem 6.1:
we state it in the terminology of valuations and extend it to Banach lattices
of measurable functions on spaces of σ-finite measure. The original result
was stated for the case of finite measure, which applies, for instance, to
Lp(S
n−1) but not directly to Lp(R
n).
In the rest of the section we extract different consequences of Theorem 6.1.
First we show how that result, together with the main result of [24, 25], yields
a quite general factorization property of valuations through valuations on
L1: Theorem 6.2. Next, we show the simpler and more convenient form that
Theorem 6.1 adquires when the valuation has enough invariance with respect
to measure preserving transformation. This result includes and extends the
main results of [26] and [16]. Finally, we study with finer detail properties of
Theorem 6.1 in the special case of Lp spaces, due to their special significance.
Throughouth, (Ω,Σ, µ) will be a σ-finite measure space. We denote by
L0(µ) the space of (equivalence classes of) measurable functions defined on
Ω, which is a Hausdorff topological vector lattice when equipped with the
topology of convergence in measure. X will be an order continuous Banach
lattice of functions on (Ω,Σ, µ) for which the formal inclusion X →֒ L0(µ)
is continuous and its image is an ideal in L0(µ) containing the characteristic
functions of sets with finite measure. For brevity, we refer to this saying
that X is represented as a function space on (Ω,Σ, µ) (compare with the
notion of Ko¨the function space given in [18, Definition 1.b.17]).
We will also need the following notation: Given a measure space (Ω,Σ, µ)
as before, we say that a function
K : R× Ω −→ R
is a strong Carathe´odory function if K(λ, ·) is measurable for every λ ∈ R
and K(·, t) is continuous for µ-almost every t ∈ Ω.
Recall that it follows from Proposition 5.1 that, in one such X, a function
V : X −→ R is a valuation if and only if V is orthogonally additive.
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With these observations, restricting to order continuous Banach lattices,
we state the main result of [9, 10], extending it to the case of σ-finite mea-
sures.
Theorem 6.1. [10, Theorem 3.2] Let X be an order continuous Banach
lattice represented as a function space on (Ω,Σ, µ), and let V : X −→ R be
a continuous valuation. Then, there exists a strong Carathe´odory function
K(λ, t) : R× Ω −→ R such that, for every f ∈ X,
V (f) =
∫
Ω
K(f(t), t)dµ(t).
Conversely, if K(λ, t) : R × Ω −→ R is a strong Carathe´odory function
such that, for every f ∈ X,
∫
ΩK(f(t), t)dµ(t) < ∞, then the function
V : X −→ R defined by
V (f) =
∫
Ω
K(f(t), t)dµ(t)
is a continuous valuation.
Proof. We prove first the first part of the statement. Let V be as above.
First we note that, by Theorem 3.5, we may assume without loss of generality
that V takes values in R+. This fact will be used without further mention
in several points along the proof.
If µ is finite, the result is proven in [10, Theorem 3.2]. Suppose now that
µ is σ-finite. Then, there exists a sequence (Ωn)n∈N of subsets of Ω such
that Ω =
⋃
n∈NΩn and µ(Ωn) <∞ for every n ∈ N. We may and do assume
that the sequence (Ωn)n∈N is increasing.
For every n ∈ N we consider
Xn := {fχΩn : f ∈ X}
It is easy to see that Xn is an order continuous Banach lattice correspond-
ing to X in the finite measure space (Ωn,Σn, µ), where Σn := {A∩Ωn : A ∈
Σ}. It is also clear that Xn is a closed subspace of X (actually, a band).
On Xn we consider the application Vn = V|Xn . Clearly Vn is a continuous
valuation. Therefore, we can apply [10, Theorem 3.2] and we obtain a
representing strong Carathe´odory function Kn : R× Ωn −→ R.
That is, for every f ∈ Xn,
Vn(f) =
∫
Ωn
Kn(f(t), t)dµ(t).
If we extend Kn to all of Ω by defining Kn(λ, t) = 0 whenever t ∈ Ω \Ωn,
it is clear that, for every n < m, Kn(λ, t) = Km(λ, tχΩn)(t)). Therefore, for
every λ ∈ R, Kn(λ, ·) is an increasing monotone sequence. Moreover, given
t ∈ Ω, there exists nt ∈ N such that t ∈ Ωnt , and, hence, supnKn(λ, t) =
Knt(λ, t).
So, for every fixed λ ∈ R we can define K(λ, t) = supnKn(λ, t). Thus
defined, K(λ, ·) is measurable for every λ ∈ R. This is one of the conditions
required for K to be strong Carathe´odory.
The continuity in the first variable, also follows: We have seen that, for
every t ∈ Ωn and for every λ ∈ R, K(λ, t) = Kn(λ, t). Note that, for every
n ∈ N, Kn is a strong Carathe´odory function. Therefore, it is continuous in
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the first variable outside of a set An of zero measure. We consider the set
A :=
⋃
nAn. Then, µ(A) = 0. We consider now t 6∈ A. There exists n ∈ N
such that t ∈ Ωn. Therefore, for every λ ∈ R, K(λ, t) = Kn(λ, t). Since
Kn(·, t) is continuous, we obtain that K(·, t) is also continuous.
We see next that K provides the proper integral representation of V .
Let f ∈ X. Since X is order continuous and Ωn ր Ω, we get that the
sequence (fχΩn)n∈N converges in norm to f . Therefore, the continuity of V
implies that V (fχΩn)→ V (f) as n grows to infinity.
At the same time, note that fχΩn ∈ Xn. Therefore
V (fχΩn) = Vn(fχΩn) =
∫
Ωn
Kn(f(t)χΩn(t), t)dµ(t) =
∫
Ω
Kn(f(t), t)dµ(t).
Now, the Monotone Convegence Theorem implies that
∫
ΩKn(f(t), t)dµ(t)
converges to
∫
ΩK(f(t), t)dµ(t) as n grows to infinity. Therefore,
V (f) =
∫
Ω
K(f(t), t)dµ(t).
This finishes the proof of the first part of the statement.
We suppose now that K(λ, t) : R × Ω −→ R is a strong Carathe´odory
function such that, for every f ∈ X,∫
Ω
K(f(t), t)dµ(t) <∞.
Then, we can define V as in the statement. Clearly V is orthogonally
additive and, therefore, a valuation by virtue of Proposition 5.1. We have to
check the continuity of V . First we consider the case when µ is finite. The
proof is very shortly sketched in [9, 10]. For the sake of clarity we write it
next in detail:
Associated to K we will consider an application F : X −→ L1(µ) defined
by
F (f)(t) = K(f(t), t).
We check that F is well defined: First, it is easy to see that, for every
f ∈ X, the function K(f(·), ·) : Ω −→ R is measurable (for a proof, see
[17, p. 349]). Since we also have that
∫
ΩK(f(t), t)dµ(t) < ∞, we get that
indeed F (f) ∈ L1(µ) for every f ∈ X.
Let us see that F is continuous:
Let f ∈ X and let (fn)n∈N be a sequence convergent to f in norm. By
the continuity of the inclusion X →֒ L0(µ), it follows that fn also converges
to f in measure. We consider the sequence (F (fn))n∈N. First, we see that it
converges to F (f) in measure: remember that, for a finite measure µ, a se-
quence (gn)n ∈ N converges to g in measure if and only if every subsequence
(gnk)k∈N contains a subsequence that converges to f µ-almost everywhere.
So, let (F (fnk))k∈N be a subsequence of (F (fn))n∈N. Since (fn)n∈N con-
verges to f in measure, there exists a subsequence, which we just call (fk)
of (fnk) such that (fk) converges to f µ-a.e. Now, the fact that K is strong
Carathe´odory implies that (F (fk)) converges µ-a.e. to F (f).
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Recall now that that a set F ⊂ L1(Ω,Σ, µ) is uniformly integrable if for
every ǫ > 0 there exists δ > 0 such that for every B ∈ Σ with µ(B) < δ
sup
f∈F
∫
B
|f |dµ < ǫ.
The following fact is folklore (for a proof see, for instance, [25, Lemma
3.6]): if (gn)n∈N ⊂ L1(Ω,Σ, µ) with µ(Ω) <∞, gn → g µ-almost everywhere,
and the sequence (gn)n∈N is uniformly integrable, then gn → g in L1 norm.
So, we prove next that the set F := {F (fn) : n ∈ N} is uniformly inte-
grable. We follow the ideas of [17, Lemma 17.3]. Suppose F is not uniformly
integrable. Then there exists ǫ > 0, a subsequence F (fnk)k∈N and a sequence
of sets (Ak)k∈N such that µ(Ak)→ 0 and∫
Ak
|K(fnk(t), t)|dµ(t) > ǫ.
Without loss of generality we may assume that
∑
k µ(Ak) <∞. For every
k ∈ N we define
Bk :=
∞⋃
i=k
Ai.
Since µ(Bk)→ 0, for every k ∈ N there exists a natural number η(k) such
that ∫
Ak\Bη(k)
|K(fnk(t), t)|dµ(t) >
ǫ
2
.
For every k ∈ N, we consider the sets A′k := Ak \ Bη(k) and define the
subsequence k1 = 1, k2 = η(k1), . . . , kn = η(kn−1). . . . Then we have
that the sets in the sequence (A′kj )j∈N are mutually disjoint, µ(A
′
kj
)→ 0 as
j →∞ and
∫
A′
kj
|K(fnk(t), t)|dµ(t) >
ǫ
2 .
We define now the function
g =
∞∑
j=1
fkjχAkj .
To see that g ∈ X, we can assume without loss of generality that ‖f−fkj‖ ≤
1
2j
, therefore for every N ∈ N we have∥∥∥ ∞∑
j=N
fkjχAkj
∥∥∥ ≤ ∥∥∥ ∞∑
j=N
fχAkj
∥∥∥+ ∥∥∥ ∞∑
j=N
(f − fkj)χAkj
∥∥∥
≤ ‖fχ⋃∞
j=N Akj
‖+
∞∑
j=N
‖f − fkj‖.
Since X is order continuous it follows that limN→∞ ‖fχ⋃∞
j=N Akj
‖ = 0, so
the above estimate shows that g ∈ X.
But now, for every m ∈ N,
F (g) ≥
m∑
j=1
F (fkjχAkj ) ≥
mǫ
2
,
which is a contradiction. This finishes the proof for the finite measure case.
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Finally, if µ is σ-finite, we can do a standard change of density argument
to finish the proof: let g : Ω → R such that g(t) > 0 µ-almost everywhere
and ∫
Ω
g(t)dµ(t) = 1.
Consider the finite measure µ˜ on (Ω,Σ), given by
µ˜(A) =
∫
A
g(t)dµ(t),
and let X˜ = {f : Ω → R/fg ∈ X}. It follows that X˜ endowed with the
norm ‖f‖
X˜
= ‖fg‖X is a Banach lattice represented as a function space on
the finite measure space (Ω,Σ, µ˜). Hence, if K(λ, t) : R×Ω −→ R is a strong
Carathe´odory function such that, for every f ∈ X,
∫
ΩK(f(t), t)dµ(t) <∞,
then we can consider
K˜(λ, t) =
K(λg(t), t)
g(t)
,
which is clearly a strong Carathe´odory function. Since f ∈ X˜, if and only
if fg ∈ X, and for f ∈ X˜ we have that∫
Ω
K˜(f(t), t)dµ˜(t) =
∫
Ω
K(f(t)g(t), t)dµ(t) <∞,
it follows that the valuation V˜ : X˜ → R given by V˜ (f) =
∫
Ω K˜(f(t), t)dµ˜(t)
is continuous by the previous argument for finite measures. Therefore, if
fn → f in X, we have that
fn
g
→ f
g
in X˜ , so
V (fn) = V˜
(fn
g
)
−→ V
(f
g
)
= V (f),
as claimed. 
The results of [9, 10] are only stated for the case of lattices represented
on spaces of finite measure. But, in these cases, they cover a context more
general that the one we have chosen to present above. In particular they
cover the case of Lp spaces, 0 < p < 1. We refer the interested reader to
[9, 10] for further detail.
6.1. L1 factorization of valuations in Banach lattices. Universal fac-
torization results are very useful in several areas of mathematics. Often
they reveal some hidden structure underlying a given problem. In this sec-
tion we show how some of the main results in [9], [10], [27], [24], [25] can
be presented as a factorization result for continuous valuations on a quite
comprehensive class of Banach lattices. In particular, it will cover most of
the “reasonable” C(K), Lp and Orlicz spaces.
Before we state it, we recall that [24, Theorem 1.1] shows that a contin-
uous valuation V : C(K) −→ R can be extended to a continuous valuation
V˜ : B(K) −→ R, where B(K) is the space of the bounded Borel functions
g : K −→ R, endowed with the supremum norm.
Theorem 6.2. Let (Ω,Σ, µ) be a measurable space with µ σ-finite and let K
be a compact metrizable space. Let X be either the space of continuous func-
tions C(K) with the supremum norm or an order continuous Banach lattice
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represented as a function space in Ω in the sense defined at the beginning of
this section.
A mappping V : X −→ R is a continuous valuation if and only if
(1) in the case X is an order continous Banach lattice, there exists a
continuous valuation Φ : X −→ L1(µ), such that, for every f ∈ X,
V (f) =
∫
Ω
Φ(f)dµ.
(2) in case X = C(K), there exists a Borel measure µ on K and a
continuous valuation Φ : X −→ L1(µ), such that, for every f ∈ X,
V (f) =
∫
K
Φ(f)dµ.
Moreover, in case (1) Φ can be chosen so that, for every f ∈ X, A ∈ Σ,
Φ(fχA) = Φ(f)χA.
In case (2), fχA need not belong to C(K) in general, but we have that Φ
can be extended to a continuous valuation Φ˜ : B(K) −→ L1(µ) so that, for
every f ∈ C(K) and every Borel set A ⊂ K, Φ˜(fχA) = Φ(f)χA.
Proof. In both cases, clearly, if Φ is a continuous valuation then so is V .
We have to prove the other implication. The case (2) is implicit in [24] and
explicitly stated in [25, Proposition 2.2]. The case (1) is [10, Lemma 3.1]
for the case of finite measure µ. In case µ is σ-finite, the result follows from
Theorem 6.1 defining Φ(f)(t) = K(f(t), t). 
6.2. Valuations invariant under measure preserving transforma-
tions. Let (Ω,Σ, µ) be, as before, a measure space, with µ σ-finite and
X an order continous Banach lattice represented in Ω.
In many cases, valuations V : X −→ R invariant under measure preserv-
ing transformations are specially interesting. We show next that, in this
case, Theorem 6.1 admits a much simpler statement.
First we need a preliminary lemma.
Lemma 6.3. Let (Ω,Σ) be a measurable space. Let µ, ν : Σ −→ R be two
measures defined on it, both of them non-atomic and either both of them
finite or both of them σ-finite. If ν(A) = ν(A′) whenever µ(A) = µ(A′),
then there exists c ∈ R such that, for every A ∈ Σ, ν(A) = cµ(A).
Proof. Suppose first that µ is finite. If µ(Ω) = 0, the result follows easily.
Otherwise, let c = ν(Ω)
µ(Ω) . Since µ is non-atomic, there exists A ⊂ Ω such
that µ(A) = µ(Ω)2 . Then µ(A) = µ(A
c) = µ(Ω)2 . Therefore ν(A) = ν(A
c) =
ν(Ω)
2 = cµ(A). Similar reasonings show that, for every a ∈ Q ∩ [0, 1], if
µ(A) = aµ(Ω) then ν(A) = cµ(A). Let now A ⊂ Ω be a set such that
µ(A) = αµ(Ω), with α ∈ [0, 1] an irrational number. Let (an)n∈N be a
decreasing sequence of rational numbers converging to α and let (An)n∈N be
a decreasing sequence of sets, with µ(An) = anµ(Ω), converging to A. That
is, for every n ∈ N, An+1 ⊂ An and
⋂
nAn = A.
Then µ(An \ A) → 0 as n tends to infinity. It follows easily that also
ν(An \ A)→ 0. Therefore
ν(A) = lim
n→∞
ν(An) = lim
n→∞
cµ(An) = cµ(A).
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For the σ-finite case, note first that there exists an increasing sequence
(Ωn)n∈N ⊂ Σ such that Ω =
⋃
nΩn and µ(Ωn) < ∞, ν(Ωn) < ∞ for every
n ∈ N. To see this, just consider one such sequence (An)n∈N for the measure
µ, another one (Bn)n∈N for the measure ν and define Ωn = An ∩Bn.
Now we use the finite case and we obtain that, for each n ∈ N there exists
cn ∈ R such that
ν|Ωn = cnµ|Ωn .
Since Ωn is an increasing sequence, we have that for every n,m ∈ N,
cn = cm, which finishes the proof.

Simple examples show that the result is false if we do not require that
µ, ν are non-atomic, or σ-finite.
The following observations will be needed next. Let V : X −→ R be
a continuous valuation. Given λ ∈ R, we can define the set function νλ :
Σ −→ R by νλ(A) = V (λχA) when χA ∈ X and νλ(A) = ∞ otherwise.
Thus defined, νλ is finitely additive. It follows from the properties of X and
the continuity of V that limµ(A)→0 νλ(A) = 0. Therefore, νλ is a countably
additive measure, continuous with respect to µ. In case µ is finite, it follows
from [9, 10] that K(λ, ·) coincides with the Radon-Nikodym derivative of νλ
with respecto to µ. Reasoning similarly to the proof of Theorem 6.1 is easy
to see that this is also true in case µ is σ-finite.
Proposition 6.4. Let (Ω,Σ, µ) be a measure space with µ non-atomic and
σ-finite. Let V : X −→ R be a continuous valuation and let K : R × Ω −→
R be its representing density as in Theorem 6.1. Then, the following are
equivalent:
(i) There exists a continuous function θ : R −→ R such that K(λ, t) =
θ(λ) for µ-almost every t ∈ Ω.
(ii) There exists a continuous function θ : R −→ R such that, for every
A ∈ Σ, V (λχA) = θ(λ)µ(A).
Moreover, if µ is non-atomic, the next condition is also equivalent to (i)
and (ii):
(iii) V satisfies that, for every λ ∈ R, and for every Borel sets A,A′ ⊂ Ω
such that µ(A) = µ(A′) <∞
V (λχA) = V (λχA′).
Proof. (i) implies (ii) follows immediately from the integral representation
Theorem 6.1:
V (λχA) :=
∫
Ω
K(λ, t)dµ(t) = θ(λ)µ(A).
(ii) implies (i): It follows from (i) that, for every A ∈ Σ, νλ(A) =
θ(λ)µ(A). In that case, the Radon-Nikodym derivative of νλ with respect
to µ, K(λ, ·) is θ(λ) for µ-almost every t ∈ Ω.
(ii) obviously implies (iii), also for atomic µ.
In case µ is non-atomic, (iii) implies (i): Condition (iii) together with
Lemma 6.3 imply that νλ = cλµ. Therefore, K(λ, t) = cλ for µ-almost every
t ∈ Ω.
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So, for every λ ∈ R we define θ(λ) := cλ. Continuity of θ follows inmedi-
ately from the continuity of K in the first variable.

We can now state the simple form Theorem 6.1 takes under this hypoth-
esis.
Corollary 6.5. Let (Ω,Σ, µ), X be as in Proposition 6.4. If V : X −→
R is a continuous valuation satisfying any of the equivalent conditions of
Proposition 6.4, then there exists a continuous function θ : R −→ R such
that, for every f ∈ X,
V (f) =
∫
Ω
θ(f(t))dµ(t).
Conversely, if θ : R −→ R is a continuous function such that
∫
Ω θ(f(t))dµ(t)
exists and is finite for every f ∈ X, then the mapping
f 7→
∫
Ω
θ(f(t))dµ(t)
defines a continuous valuation V : X −→ R
Proof. The first part of the statement follows immediately from Theorem 6.1
and Proposition 6.4. The second part follows also from Theorem 6.1. 
As interesting particular cases of the above situation, we have, first, the
case of translationally invariant valuations defined on Ω = Rn with Σ the
Borel sets of Rn and µ the Lebesgue measure of Rn. And, second, we have
the case of rotationally invariant valuations defined on Ω = Sn−1 with Σ
the Borel sets of Sn−1 and µ the Haar measure of Sn−1. We show next that
both of them are covered by the previous result.
Suppose first that (Ω,Σ, µ) is Rn with the Borel σ-algebra and the Lebesgue
measure. Let X be as above and let V : X −→ R be a continuous transla-
tionally invariant valuation. Then, the above mentioned measures νλ defined
by νλ(A) = V (λχA) (whenevery µ(A) < ∞) are translationally invariant
and satisfy that νλ(C) = V (λχC) < ∞, with C the unit cube. It is well
known that, in that case, νλ is a constant multiple of the Lebesgue measure,
νλ = cλµ. Therefore, V satisfies Condition (ii) in Proposition 6.4 and, the
conclusions of Corollary 6.5 apply.
Similarly, suppose that (Ω,Σ, µ) is Sn−1 with the Borel σ-algebra and the
Haar measure, and let X be as above. Let V : X −→ R be a continuous
rotationally invariant valuation. Then, the measures νλ are clearly rotation-
ally invariant and satisfy that νλ(S
n−1) <∞. Then, it is well known that νλ
is a constant multiple of the Lebesgue measure, νλ = cλµ. Therefore, again
V satisfies Condition (ii) in Proposition 6.4 and the conclusions of Corollary
6.5 apply.
The fact that we are free to choose X among all the order continous
Banach lattices supported in Ω grants the results stated in this section a
great generality. Note in particular that they imply essentially all of the
main results in [26] (X = Lp spaces) and [16] (X an Orlicz space) and
several of the main results of [15].
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6.3. Valuations on Lp spaces. Due to their special relevance, in this sub-
section we look with further detail into the valuations defined on Lp spaces.
In the following (Ω,Σ, µ) will be, as before, a σ-finite measure space and
X = Lp(µ), 1 ≤ p <∞.
For every continuous valuation V : Lp(µ) −→ R, Theorem 6.1 guarantees
the existence of a strong Carathe´odory function K : R×Ω −→ R such that,
for every f ∈ Lp(µ),
V (f) =
∫
Ω
K(f(t), t)dµ(t).
It would be interesting to characterize the strong Carathe´odory functions
K which define valuations on Lp(µ). For this, K needs to satisfy that the
above integral is finite for every f ∈ Lp(µ). Clearly, a sufficient condition
for this is the existence of a ∈ R+ such that |K(λ, t)| ≤ a|λ|p for every λ ∈ R
and for every t ∈ Ω off a set of zero measure. Or, in case µ is finite, the
existence of a, b ∈ R+ such that |K(λ, t)| ≤ a|λ|p+ b for every λ ∈ R and for
every t ∈ Ω off a set of zero measure.
It is easy to see that this condition is not necessary: Let Ω = [0, 1] and
µ the Lebesgue measure on [0, 1]. Consider (An)n∈N a sequence of disjoint
Borel sets of [0, 1] such that, for every n ∈ N, µ(An) = 2
−2n. Also, for every
n ∈ N, consider the function
ϕn =

2n−1x, 0 ≤ x ≤ 2
2n+1 − 2n−1x, 2 < x ≤ 4
0, 4 < x
Now, we define
K : R+ × [0, 1] −→ R
by
K(λ, t) =
{
ϕn(λ), t ∈ An
0, t 6∈
⋃
nAn
Thus defined, K is clearly a strong Carathe´odory function. It is easy to see
that, for every measurable function f : [0, 1] −→ R,∫
[0,1]
K(f(t), t)dµ(t) ≤
∑
n
2n
22n
= 1.
Therefore, the application V (f) =
∫
[0,1]K(f(t), t)dµ(t) defines a continu-
ous valuation V : Lp −→ R for every 1 ≤ p <∞. But, clearly, there do not
exist a, b ∈ R such that, for every t off a set of zero measure, K(2, t) ≤ a2p+b
In the case of valuations invariant under measure preserving transforma-
tions, the situation is simpler and has been already analyzed ([15], [26]). For
completeness, we briefly recall here the characterization.
Proposition 6.6. Let (Ω,Σ, µ), be a measure space, with µ non atomic
and σ-finite. Let 1 ≤ p < ∞ and let V : Lp(µ) −→ R be a continuous
valuation satisfying any of the equivalent conditions of Proposition 6.4. Let
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θ : R −→ R be the function representing V as in Corollary 6.5. Then, there
exists a, b ∈ R such that,
|θ(λ)| ≤ a|λ|p + b.
(with b = 0 in case µ(Ω) =∞).
Conversely, let a, b ∈ R and let θ : R −→ R be a continuous function
satisfying that |θ(λ)| ≤ a|λ|p + b (with b = 0 if µ(Ω) = ∞). Then the
mapping
f 7→
∫
Ω
θ(f(t))dµ(t)
defines a continuous valuation V : X −→ R which is invariant under mea-
sure preserving transformation.
Proof. Let V, θ be as in the hypothesis. By Theorem 3.5 we may assume
that V is positive. In that case, θ is also positive. Suppose first µ(Ω) <∞.
If the bound is not true. Then, for every n ∈ N there exists λn ∈ R such that
|θ(λn)| >
2n
µ(Ω) (|λn|
p + 1). Since µ is not atomic, we can choose a sequence
of pairwise disjoint (An)n∈N ⊂ Σ such that µ(An) =
µ(Ω)
2n(|λn|p+1)
. We define
the function f =
∑
n λnχAn . Then f ∈ Lp(µ), but
V (f) =
∫
Ω
θ(f(t))dµ(t) =
∑
n
θ(λn)µ(An) ≥
∑
n
1→∞,
a contradiction with the fact that V is defined on Lp(µ).
Now, if µ(Ω) =∞, and the bound for θ does not hold, then for every n ∈ N
we can find λn ∈ R such that |θ(λn)| > 2
n|λn|
p. As before, we can now take
a sequence of pairwise disjoint (An)n∈N ⊂ Σ such that µ(An) =
1
2n|λn|p
and
proceed similarly to get a contradiction.
The converse implication follows immediately from the second part of
Corollary 6.5. 
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